ﬁa Solutions to the Problems

| J from 09/15/2025

MathLovers

1l Problem 1. Prove that if for positive integers a, b, and ¢ the equality

Vva + Vb=c¢
holds, then a and b are perfect squares of integers.

Author: Michatl Fronczek
Solution: Squaring both sides of the given equation we obtain

(\/5+\/5)2:c2
a+2vavb+b=¢c

We know that a, b and ¢? are integers, therefore 2\/5\/3 must also be an integer,
which means v/av/b is rational.

Now let’s multiply the equation from the statement by y/a. Then we obtain a +
Vby/a = ¢y/a. From earlier observations we know that the left-hand side is rational,
so the right-hand side must be rational as well. However, if a is not a perfect square
of an integer (it cannot be a square of a rational since a is an integer), then c\/a is
irrational. Therefore, a must be a perfect square of an integer.

An analogous reasoning applies to b, showing that it must also be a perfect square
of an integer.

This completes the proof.
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| Problem 2. Positive numbers z, y, z satisfy the equality = + vy + 2z = 1. Prove that:

Ta? + 42 4+ 222 222+ Ty + 422 x4 22 + 722

2(z +y) 2(y + 2) 2(z+x) >3

Author: Michal Fronczek

Solution: I will show that each of the three fractions on the left-hand side of the
inequality is not smaller than 1. I will prove it for the first fraction, the other two
are analogous.

So we want to show that

T 2?2 4+4-y2+2-22

> 1
2-(x+vy)

Multiplying the inequality on both sides by (positive) 2(z + y), we get
522 4+4-24+2-22>2- (v +y)

Moreover, we have

2(x+y)=2(x+y)-1=2(x+y) (x+y+2) =
:2(:v2+y2—|—2xy—|—yz+xz) =227 + 2% + 4wy + 2yz + 222

Substituting this into the inequality we need to prove, it suffices to show that
T2 4+4-y>+2- 22> 220 + 2% + doy + 2yz + 222

5-224+2-y*+2- 2% —day — 2yz — 222 > 0
4oa? —day+yP oyt =2z + A2t — 202422 >0
22—y +(y—2) " +(@-2°">0

The weak inequality (=) obviously holds, since the square of a real number is not
less than 0. Moreover, for equality to hold, each square, and hence each expression
squared, must equal 0. From the second and third square it follows that y = z = «,
which together with the assumption x +y+ 2z =1givesz =y = 2z = % However,
this contradicts the first square, which requires y = 2x. Therefore, equality cannot
hold and we are left with a strict inequality. Hence this part of the inequality has
been proven.

Analogously, we prove it for the other two fractions, and summing them up gives
the desired inequality.

This completes the proof.
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