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| Problem 1. Prove that

1 1 1
—t — + ...+ — > 200.
V192 /2025
Problem author: Tomasz Kossakowski
Solution:
Method 1:

Let 2, = vk for k = 1,2,...,2025. First, we apply the Cauchy inequality in
Engel’s form:
2
2&25 1 _2022:5 12 (i) 2025
r 2025 22025

k=1 ¥ k=1 k=1 Tk k=1 Tk

Next, we use the power mean inequality for powers p = 1 and ¢ = 3 (for positive
numbers and p < ¢ we have M, < M,), in the form

1 ) o1&,
(5n) i
For zj, = vk and n = 2025, this gives
( ) 2&25 \/_>3 2025(\3/@3 _ mek
2025 2025 — 2025 =
Hence
2025 1 2025 \ 13
’;\/Egz()% (2025@“) .
Compute the arithmetic sum:

2025 :
Z _ 2025 (22025 +1) _ 202522026 = 2025 - 1013.

Thus,
2025

3 V< 202510133,
k=1

Returning to Engel’s inequality:

2025 1 20252 20252 2025
Z 27 -2 = > 200.
Z 2025 - 10131/3 — 10131/3
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Therefore,
2025
— > 200.
> 7>
Method 2:
The function f(z) = 27'/3 is decreasing, so
2025 2026 2026
! 1 de = 5228 =3 902678~ 3 2 a8
~ 2R 2" T2 2
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Problem 2. Let ¢ be a composite number. Suppose the equation
1 n 1 1
a b o

is satisfied by some positive integers a, b. Show that there exist three pairs (aq, b1), (az, b2), (¢
of distinct positive integers, different from (a,b), which also satisfy this equation.

Problem author: Bartosz Trojanowski

Solution: We prove that all triples (a, b, o) satisfying the equation are of the form
a=kx(r+vy),b=kylx+y),o=kzy.

Multiplying both sides by abo gives

ola+b)=ab < (a—o0)(b—0)=0"

If ged(a,b,0) > 1, we can divide the equation by it since both sides are of the
same degree. Therefore, without loss of generality, assume ged(a, b, o) = 1. Clearly,
o > 1, so it has a prime divisor p. Then

20,(0) = v,((a—0)(b—0)) =v,(a — o) +v,(b—0).

If both numbers are divisible by p, then p | a, b, o, which contradicts the coprima-
lity assumption. Hence the p-adic exponent of one of @ — o or b— o equals 2v,(0).
Repeating for each prime divisor, we obtain that a — ¢ and b — o are perfect
squares. So a — o = 2%, b — 0 = y? for some x,y. Then

o’ =1*P? = o=uay.

Hence
a=z(x+y), b=ylx+y).

We can also multiply a, b, 0 by some k, which was previously excluded by the ged.

It remains to show that any composite o can be represented as kxy in at least
4 ways. Since ¢ is composite, it has two distinct divisors p,q > 1. Let 0 = pgA
(where A may be 1). Then we can take the triples:

(k,z,y) = (pg, A, 1), (p, A,q), (¢, A, p), (1, Ap, q).
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